Introduction
In this paper we answer a question raised by Joseph Cima concerning certain algebras containing the disc algebra. 
(D). Taken together these theorems ofČirka and Axler and Shields lead one to wonder whether the inclusion A(D)[f ] ⊃ C(D)
holds whenever f is a bounded harmonic nonholomorphic function on D. In [5] the author showed that this is not the case; in fact it is not even true that [5, Theorem 7.6] . However, in [5, Section 7] and [6] , the author gave conditions under which the inclusions A( 
fails. The question was later raised again by Steven Seubert when the author presented the above-mentioned results in a seminar talk at Bowling Green State University.
The question of which continuous functions are in A(D)[f ] when f is a bounded harmonic function on D appears difficult, and perhaps it is not even possible to give a satisfactory description. However, a crisp answer can be given for
, and the present paper is devoted to presenting this answer. The result is as follows.
Note that there are four different possibilities for the algebra
, hence the word "tetrachotomy" in the title of the paper. Of course the last three possibilities could be merged into one; taking E = ∅ in (iii) gives (ii), and taking E = D gives (iv). Theorem 1.1 will be proven in the next section. The proof we will give yields the following more refined result, which allows one to determine, for a particular function f ∈ H ∞ (D), which of the four possibilities occurs. In the statement of the theorem, C z denotes the cluster set of the function f at the point z. (The cluster set of a function f ∈ H ∞ (D) at a point z ∈ ∂D is defined as follows. Let ∆(z, r) denote the open disc with center z and radius r. Then the cluster set of f at z is
After the proof of Theorem 1.2, we use the theorem to give a simple proof of an earlier result of the author giving a sufficient condition for the inclusion
, and we show that the sufficient condition is not necessary. We also give examples to show that each of the four cases in Theorem 1.1 really does occur.
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Proof and examples
Before beginning the proof of Theorem 1.2 (from which Theorem 1.1 follows immediately), we make explicit some conventions already used in the introduction. 
Proof of Theorem
1.2. Let X = {(z, f (z), f (z)) : z ∈ D} ∪ {(z, w, w) : z ∈ ∂D, w ∈ C z }. Note that X is the closure of the set {(z, f (z), f (z)) : z ∈ D} in C 3 and that X is compact. Also note that if we identify D with {(z, f (z), f (z)) : z ∈ D}, then every function in A(D)[f,f (z) ∈ z∈∂D C z }. We will show that A(D)[f, f ] ∩ C(D) = {g ∈ C(D) : g|(∂D ∪ E) ∈
A(D)|(∂D ∪ E)} as asserted in the theorem. Let g ∈ C(D) be such that g|(∂D∪E) ∈ A(D)|(∂D∪E), and let K be a maximal set of antisymmetry for
by the same reasoning as that used above in the case when
assumption there is a function in
A(D) that agrees with g on ∂D ∪ E. Consequently, when we regard the functions as defined on X, there is a function in A(D) that agrees with g on π −1 (∂D) ∪ E and hence in particular on K. Applying the Bishop antisymmetric decomposition, we conclude that g is in
For the reverse inclusion suppose now that 
As a corollary of Theorem 1.2 we can re-prove the following earlier result of the author [5, Theorem 7.7] , giving a sufficient condition for the inclusion
. Note that here we obtain the result by a route that is incomparably simpler than the one originally used in [5] .
Corollory 2.1 ([5]). If f ∈ H ∞ (D) is nonconstant and is continuous on a subset of ∂D of positive (one-dimensional Lebesgue) measure, then A(D)[f, f ] ⊃ C(D).
Proof. At each point z ∈ ∂D where f is continuous, the cluster set C z consists of the single point f (z). Let S be the subset of ∂D on which f is continuous. Since S has positive measure, f cannot be constant on S, for otherwise f would be constant on D by a well-known theorem [7, Theorem 17 .18]. Consequently,
In We conclude the paper by presenting examples showing that each of the four cases in Theorem 1.1 really does occur. We have just seen that case (i) occurs. We consider the remaining cases in the order (iv), (ii), (iii). Example 4. The preceding example can be generalized to show that for each subset S of ∂D of measure zero there is an H ∞ function that is continuous on S such that case (ii) of Theorem 1.1 holds. As before, let s be a singular inner function that is discontinuous everywhere on ∂D. By [6, Theorem 1.7] there is a nonzero function h in H ∞ (D) that is continuous on S and is zero at every point of S. Furthermore, the proof in [6] shows that h can be taken to have no zeros in D.
Let f = h · s. Then f is continuous on S and is zero at every point of S, and f has no zeros in D. Applying Theorem 1.2 gives that case (ii) of Theorem 1.1 holds for f . Example 6. In the preceding example, the set E is discrete. We now give an example where the set E has interior. Let h be an inner function that is discontinuous everywhere on ∂D and let f = (1 + 2z)h. Then
f (z) ∈ D}. Then E is a proper subset of D having (nonempty) interior and by Theorem 1.
2, A(D)[f, f ] ∩ C(D) = {g ∈ C(D) : g|(∂D ∪ E) ∈ A(D)|(∂D ∪ E)};
i.e., case (iii) of Theorem 1.1 holds.
As a final observation, note that while cases (ii) and (iii) can occur for functions that are continuous on a subset of ∂D of measure zero, case (iv) occurs only for functions that are discontinuous everywhere.
